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MONTE CARLO SIMULATIONS OF THE
CHEMICAL POTENTIAL AND FREE ENERGY FOR
TRIMER AND HEXAMER RINGS

R.E. RANDELMANY, GARY S. GREST and M. RADOSZ

Corporate Research, Science Laboratory, Exxon Research and Engineering
Company, Annandale, New Jersey 08801 USA

(Received September 1987 in final form February 1988)

The chemical potential of a trimer and hexamer model ring system was determined by computer simulation
over a range of temperatures and densities. Such ring molecules are important as model aromatic and
naphthenic hydrocarbons. Thermodynamic integration of the pressure along a reversible path, Widom’s
ghost particle insertion method and Kirkwood’s charging parameter method were used over a molecular
density range of 0.05 to 0.30. Data were obtained by Monte Carlo simulation of a 96 molecule system that
was modelled with a Lennard-Jones 6-12 truncated potential. The original insertion method, which does
not take into account the orientation of the molecule when it is inserted, gives results for the chemical
potential which deviate from that obtained using the thermodynamic pressure integration. At high density
or temperature the deviation is significant. We have modified the Widom insertion technique to account
for this short range orientation and find good agreement between this technique and the thermodynamic
integration method for the chemical potential. We also calculated the free energy difference between our
model ring molecules and ring molecules made up of hard spheres.

KEY WORDS: Chemical potential, ring systems, Monte Carlo simulation

1 INTRODUCTION

In the liquid phase, the chemical potential, along with the free energy, are two of the
most important and elusive quantities to determine in any thermodynamic study.
They are needed to quantify phase equilibria which, in turn, form the basis for
separation processes. Only recently have techniques been proposed to calculate these
parameters using molecular dynamics (MD) and Monte Carlo (MC) simulations. To
our knowledge, most of these studies have concentrated on determining the chemical
potential and free energy for simple fluids made up of spherical particles or mixtures
of two spherical particles [1-10]. In addition, there have been a few studies for systems
consisting of diatomic molecules and mixtures [11,12]. Since most fluids of industrial
and technological interest are neither spherical nor dumbbell in shape, it is important
to determine if the computer simulation methods presently available to obtain the free
energy and chemical potential are also applicable to systems consisting of more
complex molecules. One particular concern is that as the complexity of the molecule
increases the ghost particle insertion methods, now widely used to determine the
chemical potential, may only be applicable at too low a density to be useful. This is
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70 FREE ENERGY IN TRIMER AND HEXAMER RINGS

because at higher densities the chance of an overlap insertion increases and as the
molecules get larger, the overlap condition may occur for lower densities.

For these reasons we have initiated a study to determine the chemical potentials and
Helmholtz free energy for a pure fluid made up of ring molecule. Such molecules are
important as simple models of aromatic and naphthenic hydrocarbons. We applied
three methods: the standard thermodynamic integration of the pressure along a
reversible path, Widom’s ghost particle insertion method and Kirkwood’s charging
parameter method to calculate the chemical potential, p. We find that the original
insertion methods, which do not take into account the orientation of the inserted
molecule, are not applicable for complex molecules. Instead, one must modify the
manner in which the molecules are inserted to account for the fact that all orientations
of the inserted molecule are not equivalent. We have developed a procedure using a
Boltzmann weighting over many random orientations of the inserted molecule to
account for this orientational effect. We call this insertion technique the modified
Widom method and find excellent agreement with the thermodynamic integration of
pressure method for u.

For free energy, we used the overlap method and thermodynamic integration. The
purpose was to test the regime of density and temperature that these methods may be
applicable for complex molecules. Since in previous work only one of these methods
is usually applied to a particular model, it is important to carry out careful com-
parisons of the applicability of these methods for a wide range of density and
temperature.

In the next two sections we describe the methods and equations used to determine
the chemical potential and free energy from computer simulations. In Section 4, we
present our results and in Section 5 we summarize and present our conclusions. In the
Appendix, we give details of the model system and the Monte Carlo simulation
technique.

2 CHEMICAL POTENTIAL

The standard technique for determining the free energy or chemical potential using
computer simulation is to carry out a thermodynamic integration along a reversible
path. While in principle any set of thermodynamic variables could be used, one
method could be to integrate the pressure as a function of density. We call this
technique pressure integration. The chemical potential 4" can be obtained from
A" P
T = -4+ = — kT la
U v T 0 (la)
where A" 1s the residual Helmoltz free energy, T is temperature, k is Boltzmann’s
constant, N is the number of molecules, ¥ is the volume, ¢ = N/V i1s the number
density, and A" is the residual Helmoltz free energy.

A fLp ,

0

For the pure ideal gas u* = A". The pressure, P, can be obtained from the virial
theorem:
PV = NkT—ii [—I(I)(r) (Ic)
- 32,

1>]
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where ®(r;) is the interaction potential energy function between molecules i and /.

While the pressure integration method is straightforward, in practice there are two
difficulties. First, many intermediate states are necessary to evaluate Equation (la)
accurately, most of which are at low densities and hence uninteresting. Second, to
obtain data using Monte Carlo simulations for the pressure near a phase transition,
it may be necessary to impose extra constraints on the system in the coexistence
region. Hansen and Verlet [13], in their study of the phase diagram of atomic
Lennard-Jones systems, created van der Waals loops in the liquid-gas coexistence
region by limiting the allowed density fluctuations in the system. This technique has
been widely used for it created a reversible path along which Equation (1b) could be
integrated and until recently was the only method available for obtaining chemical
potentials or free energies numerically. However, other techniques have been de-
veloped which are generally more efficient and accurate than pressure integration.

A more direct method which can be used to determine the chemical potential, called
the ghost particle insertion method, has been developed by Widom [14], Bennett [15]
and others, and reviewed by Quirke [5] and Heinbuch and Fischer [6]. Powles er al.
[7] have demonstrated that the advantage of this method is that the chemical potential
can be calculated from the ratio of two distribution functions, G(«) and F{u}, which
themselves can be determined numerically at relatively small additional computation-
al expense. Here G(u) is the distribution function for the potential energy of the Nth
molecule in an N-molecule system and F{u) is the fictitious or ghost particle distribu-
tion function. The function F(u) describes the distribution of the potential energy
required to insert the (N + 1)th molecule randomly into an N-particle system without
dislocating the other N molecules. Once these two distribution functions are deter-
mined, the chemical potential can be easily obtained.

The chemical potential is defined as

o= s = lim AW, ¥, T) — ANL V. T)] (22)
where A4 is the Helmholtz free energy

A = —kTinQ where QO = [exp(—pUQ) dg"). (2b)

In terms of the difference in Helmholtz free energy for two systems 0 and 1 one can
write [7]

Qo/Q1 = exp {— (A, — A}
= [exp(—pU,)dg" /[ exp(— pU,\)dg"
= Lexp(— B, — Up,. (3a)
Here f = lj/krand <. . .) is a canonical average over system 1. Alternatively,
Qo/Q1 = 1/<exp(—B(Us — U)o (3b)

A normalized distribution function for any coordiante-dependent quantity x, can be
defined as: f;(x) = {8(x(g)— x))>, where 4(z) is the Dirac delta function. Powles et al.
[7] have shown that when U,-U, equals u, equations (2a, 2b) can be expressed as

Jow) = exp(— pu)f, (1)<Q\/Qo>- C))
If we let system 0 have N particles and system 1 have N-1, then U,-U, = u(N; N-1)
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is the energy of the Nth particle in the N-particle system. This would correspond to
a system in which an additional fictitious particle is inserted into the N-1 particle
system. Then Equation (3a) can be written as [7]

Q0/Q) = {exp(— Bue)dny. (5a)

where u, = u(N; N-1), since the Nth particle does not interact with the other (N-1)
particles, Then from Equations (2b) and (3b) we find

2,/Q = exp(—Bu’) = {exp(—Pu)n,. (5b)

Here 4 is the residual chemical potential, g-u'?, and p* is the chemical potential of
an ideal gas with U = 0. u' can be represented as Tlno-3/2TIn T, (neglecting the
quantum mechanical energy term: 32T In (A2 mmec®]). SO that
f=pu =u + Tlng —32TInT.

Equations (3-5) can be rearanged in a convenient form for computing y [7],

L) = In[Flu)/Glu)] = pu — pu'. (6)

Here Fru) = fy{u) and G(u) = f,(u) and a plot of L{uj vs. u gives a slope of f§ and
intercept at u = 0 of — fu".

Shing and Gubbins [8] and De Oliviera [16] have shown that the chemical potential
can also be obtained based on Equation (3b)

exp(Bu') = <exp(fu)y.. (7)

Here u, = u(N; N-1), following Powles et al. [7], since this is the interaction energy
for the real Nth particle in the N-particle system. Clearly from Equations (5b) and (7)

Cexp(— fur)) vy <exp(+fu)>y = 1. (8)

which can be a test of the consistency while calculating the chemical potential.

For simple monotonic fluids, it is clear how to calculate the ghost particle distribu-
tion, F(u). One simply inserts the molecule at a large number of random positions in
the sample and measures the energy distribution. However, it is not clear how Ffu)
should be determined for complex molecules which are not necessarily spherical.
Obviously, one must choose the center of mass at random, but there is clearly an
ambiguity in determinating the molecular orientation. The derivation above suggests
that one should also choose the orientation of the molecule at random. This is in fact
what has been done in earlier calculations for dumbbell molecules [1,3,4]. However,
as we will show in Sect. 4, this is in general not correct. One way to see why this
procedure cannot be correct is to remember that to determine u from Eq. (6), one is
interested in the ratio F(u)/G(u). Here G(u) is the distribution of potential energies
for the molecules in equilibrium. If the molecules are not isotropic, then there will be
a short range order which effects the packing of the molecules and therefore G/u).
Consequently, to obtain the correct result for p, the determination of Ffu) should
account for the fact that the energy to insert a molecule is indeed orientation depen-
dent.

We have employed a modified insertion technique to determine F(u) which acc-
ounts for this ortentational dependency in the insertion of the fictitious molecule.
Rather than use one trial set of Euler angles for each random choice of the center of
mass selected, @ number of random Euler angle sets are chosen and a Boltzmann
average of the resultant energies used to determine the potential, #. The Boltzmann
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average is defined as:
Y Uexp(~ U/KT)
M
%exp(— U/kT)

)

where U is the energy of the inserted molecule and M is the number of random
selections of the Euler angle set (6, ¢, ). We call this distribution of modified
insertion energies, £*(u). The resultant chemical potential determined from the ratio
F*(u)/G(u) is much lower than when the orientation of the molecule is neglected. We
found that in most circumstances there was little difference in using the minimum
energy or the Boltzmann average. Obviously M must be large to determine the
insertion energy, u, accurately. In the present simulations, we find that it was sufficient
to use M = 100, but clearly as the complexity of the molecules increases, so must M.

In our numerical studies, we used all three of the above formulations to determine
4. We found, as did Powles et al. [7], that the graphical method utilizing Equation
(6) was generally more reliable than Equations (5b) and (7). These equations would
require knowledge of the distributions over the entire range of energies u, and hence
are less reliable. We also found that averaging over the fictitious distribution F*(y)
generally gave the same result from Equation (5b) as the graphical determination of
y'. However, when averaged over G(u), we find that Equation (7) usually gave
incorrect results for . This is because the regions where G (1) is small and therefore
not determined very accurately give large contributions to the average.

The ghost particle insertion methods are limited to moderate densities because, as
the density increases, the percentage of useful insertions decreases rapidly. For
example, for the hexamer model at a density of pa® = 0.15, the percentage of
insertions in which the inserted molecule does not overlap the other molecules is
approximately 3%. By contrast, the percentage of non-overlapping insertions at
oo’ = 0.05 is approximately 40%.

A complimentary insertion method can be used at higher densities to obtain the
chemical potential. In this method, the chemical potential is the sum of two contribu-
tions. The first is obtained from insertion of a smaller molecule into the system using
a technique similar to the Widom method. The second is obtained by a thermodynam-
ic integration of the potential energy over several intermediate systems which have
N-1 normal molecules and one smaller one [17].

In simulation, the system is then described as the N-1 normal size molecules with
bond length y, along with the one particle with bond length {y. Here { is the fractional
size of the test particle to the others and is called the charging parameter. Shing and
Chung [18] have derived the Kirkwood chemical potential equation for solutions and
an equivalent form for pure components can be represented as

N A ‘
Fya| | Ao (10)
where (AD), = @, — ®@,. @, is the energy of the smaller molecule in the system and
®, is the energy if the smaller molecule were a molecule with {; = 1.0. Such a system
with one smaller molecule of size {; is termed to have a coupling parameter of {. (V')
is the NPT ensemble average volume, A is the thermal deBroglie wavelength and ¢ is
the molecular partition function. Shing and Chung [18] have shown that one could
also write this as

y = kTIn
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1
o= —up+ . (ADY-dl (11
0
However, in the case where can obtain the chemical potential for a certain system with
coupling parameter { by the modified Widom’s method, where the ghost particle
inserted has bond length {;v, we can write

W= | AL (12)
Thus the chemical potential for both moderate and high densities can be obtained
using g with a combination of the modified Widom method along with an energy
integration from & to 1.

The test particle inserted has fractional size {;, and (; 1s determined as the largest
value for the test particle that gives good statistical data. Whenever possible we
choose {, = 1, in which the Kirkwood method and the previously described Widom
methods vield equivalent results, except that the Kirkwood method is done at con-
stant pressure whereas the Widom methods are done at constant volume.

When {, < 1, then a separate series of simulations are done to evaluate the average
at enough points so that the integral in Equation (12) can be evaluated numerically.
In practice, five to ten points are obtained for the integrand.

3 FREE ENERGY

The residual Helmholtz free energy, defined as A" /NkT = (A4-A")/NkT, can also be
obtained from computer simulations by several methods [5]. One method is the
thermodynamic integration technique based on Equation (1b). With this mecthod,
A"/NKkT is calculated directly, but has similar disadvantages as the pressure integra-
tion method discussed above for the chemical potential. An alternative method is the
overlap ratio method which follows from the fact that the free energy difference
between two systems can be written as

A, A, n%.

NkT ~ NkT 0,

(13)

Here Q is defined by Equation (2b) and 4, and A4, are the free energies of two systems.
0 and 1. It can be shown [5] that Ad = 4, — A, can be written as

AN _ @) ,
epr(k—T) = ﬁ((l))e : (14a)
Here
F@) = G [exp(=UKT) 8((Us = UDKT — @) d% (14D
0

and f,(®") is a similar distribution averaged over system 1.

The two distribution functions in Equation (14a) and their overlaps are evaluated
to yield the free energy difference. When the potentials are very dissimilar, such as
Lennard-Jones and hard core, the overlap in the distributions could be very small or
non-existent. This leads to a situation in which intermediate states are used to bridge
the two systems of interest [19a].
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Although a choice of the reference system A, is arbitrary, its free energy has to be
known. A particularly good choice is a system that can be described by an exact
equation of state, because the free energy could be determined analytically for any
state point. However, for simple model fluids which contain more than two inter-
action centers, no equation of state is sufficiently accurate. Therefore to test the
available methods, we measured the free energy of a system of ring molecules that
interact only via a hard core repulsion as a reference. This is similar to earlier studies
for atomic [19a] and dumbbell systems [19b].

Specifically, our reference system is composed of ring molecules with hard core
spheres. Our focus is on the free energy difference between a ring of particles inter-
acting with a Lennard-Jones potential ® and an identical ring interacting with hard
core potential, H(a,). If we let U, be the Lennard-Jones potential, ®, and U, be the
Lennard-Jones potential plus a hard core potential, ® + H(o,), with atomic dia-
meter, o, then Equation (14a) becomes [19a]

AA = —In(Kexp(—H/kT)>) = —Ing. (15)

The Boltzmann factor, exp(— H/kT), is either zero or one for all configurations with
potential U, depending on whether any site-site distance r is less than or greater than
g,. The average in Equation (15) is the fraction of the configurations for which all
r,s > oy. This is called the virtual overlap method since only configurations with no
overlaps are counted. This last equation can be used to calculate A(4/kT) as long as
gy, 1s not too small thereby giving no overlaps and g = 1.

If the reference system of interest has a hard core diameter oy, so large that g = 0,
one can still use Equation (12) since it is also true if U, = ® + H(os,) and
U = ® + H(o,;), where 6, > g,,. The virtual overlap method can then be used
with a finite number of intermediate configurations using a stepwise progression from
the value of 4, where g > 0 to the g, of interest. Once the free energy between
Lennard-Jones and Lennard-Jones plus a fixed hard core is obtained, the overlap
ratio method by Equation (14), is used to determine the second part of the free energy
between ® + H(s,) and H(s,). the two parts can then be combined to obtain the free
energy difference between rings interacting with the Lennard-Jones and hard core
potentials.

To relate this free energy difference to the residual free energy obtained by the
pressure integration, the free energy difference between the hard core and an ideal
reference state is needed. We have tried to use the results of Nezbeda [19] for oblate
spherocylinders, to obtain the free energy of the hard core system, by relating the
geometries of our hard-core ring molecules to oblate spherocylinders, using both a
geometric and volumetric similarity.

4 RESULTS

4.1 Chemical Potential

The pressure integration method requires pressure isotherms, such as those shown in
Figure 1, for the trimer at three temperatures, 7 = 2, 4 and 6, where we can define
a reduced density, o* as o* = go°. The isotherm T = 2 in this figure is clearly below
the critical point and T = 4 and 6 are above. As can be seen, in the range
0.01 < ¢* < 0.08 the isotherm has a nearly zero slope for T = 2 but not for the
other two temperatures. The very small, nearly constant, values for the pressure make
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Figure 1

Pressure
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the integration at ' = 2 difficult since small fluctuations in the pressure tend to give
erroneous fluctuations in the integral. The slopes for T = 4 and 6 in the low density
region are larger and hence one expects that more confident values for the integral can
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for temperature and density effects as described in the text.



20: 00 14 January 2011

Downl oaded At:

R.E. RANDELMAN, G.S. GREST AND M. RADOSZ 77

0.20 T T RN |
® Legend
0.16 & o ¢ = G(u) .
Q o} a = F(u)
o 2 o= F*(u)
[e] O
-0.12 o .
3 o 2
E o]
_ & ©
0.08 N 5 -
o
®
S s
-0.04 S %
© o]
~0.00 e
~1E.0 0.0

Figure 3 Distribution functions G(u), F*(u) and F(u) for the ghost particle insertion method with
trimers at the T = 4, p* = 0.10 space point.

be obtained. Figure 2 shows the chemical potential, y,, obtained from the pressure
integration. The curves show decreasing u, for increasing temperature. An inversion
hump is seen for T = 2, while the curves monotonically increase for 7 = 4 and 6.

In addition to the pressure integration, Widom’s method was applied for a number
of state points (7, ¢*). Figure 3 shows the distribution functions G(u), F(u) and
F*(u) for (T = 4, ¢* = 0.10). As can be seen there is a difference in the overlaps
between G(u) and F(u),and G(u) and F*(u). At this point, both sets of distributions
show very good overlap, with the modified insertion overlap maximum occurring near
u= —4.0.

Figures 4a and 4b show the results for In[F(u)/G(u)] and In[F*(u)/G(u)] for
various densities at T = 4. Note that from these data alone there is no indication
which combination gives the correct values of the chemical potential. Both ratios,
F(u)/G(U) and F*(u)/G(u), give reasonable results for the chemical potential. All
the curves in Fig. 4 have the correct slope of 1/kT; however, the intercepts are quite
different, resulting in different values for u". As the density increases, the u = 0
intercept decreases but the slope remains nearly constant. The scatter at large positive
values of « is due in part to large positive energy changes with small changes in the
intermolecular distance as two trimers approach each other. In addition, for these
state points, it is expected that statistically few of the trimer pairs would yield positive
potential energies. The scatter at higher densities is due to an increase in the frequency
of ghost particle insertions which overlap with other molecules and corresponding
reduction in good statistics. Much longer simulations would, however, correct this.
The fraction of negative ghost insertion energies decreases rapidly for increasing
density and very much longer simulation would be needed to obtain u by direct
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Figure 4 Ghost and real energy distributions for the trimer model for T = 4 and vanious densitics plotted
in the form of Eq. (6) a) using Fru) and G(u) b) using F*/u) and Gu,. The slope equals § and remains
constant for different densities while the intercept at u = 0. — Bi* . increases. From the data alone. it is not
possible to say which set. a or b. is correct.



20: 00 14 January 2011

Downl oaded At:

R.E. RANDELMAN, G.S. GREST AND M. RADOSZ 79

insertion for p* > 0.16. Table 1 summarizes our results for the chemical potential for
several temperatures and densities using the modified Widom method and pressure
integration for the trimer.

Using the unmodified insertion technique, the agreement between the integration
and insertion methods, as shown in Figure 5, is reasonable for low densities or
sub-critical temperatures, but very poor for higher densities or temperatures. This
agreement at low density is due mainly to the small relative contribution of u" to y,
at low densities and the small differences in F(u) and F*/u). However, as density
increases the two methods give very different results for y°, and this difference is
clearly seen even in g, . It is important to note that this disagreement is in fact the only
indication that the unmodified insertion technique is incorrect. Other internal checks
of this method give no indication that a break down of the technique had occurred.
The slope of the curves plotted in Fig. 4 have the correct temperature, also the
summation of the insertion energy distribution, Eq. (8), gave the same result for 4" as
the graphical method.

In contrast, the modified insertion technique gives very good agreement over most
of the density range for all temperatures and all the consistancy checks as described
above are also satisfied. Only this direct comparison to the pressure integration data
shows that the original Widom’s method predicts too large a value for p.

In the hexamer simulation the interactions are stronger and, as a result, obtaining
good data from the simulations required more computer time. Three temperatures,
T = 6, 10, 15, were chosen, corresponding to below the critical point, at or near the
critical point, and above the critical point. Figure 6 shows the pressure isotherms for
these temperatures. The T = 6 pressure isotherm is quite flat in the low density limit,
dropping in the middle region and rising modestly at higher densities. Such a curve
is characteristic of a liquid below its critical temperature. The curves for 7 = 10 and

Table 1 Results for trimer molecules. Integration refers to the pressure integration method and insertion
refers to the modified ghost particle insertion technique. Fraction of insertion acceptance is the fraction of
the ghost particle insertions which yield negative energies. Insertion correlation is the X* correlation
coefficient from the least squares analysis of Equation (6).

kTie of(d’) Integration Integration Insertion Insertion Fraction of Insertion
w u“, u 1y Insertion Correlation
Acceptance
20 0.05 —1.10 - 9.17 -2.57 —10.64 0.67 0.96
2.0 0.07 —1.59 — 899 —3.28 —10.68 0.55 0.98
2.0 0.10 —212 — 8.81 —4.05 —10.78 0.38 0.98
2.0 0.12 —2.34 — B.66 —4.38 —10.70 0.28 0.98
2.0 0.15 —2.57 — 8.44 —4.56 - 10.48 0.16 0.98
4.0 0.05 —0.097 —20.39 —0.768 —21.07 0.65 0.97
4.0 0.07 0.03 —18.92 —0.849 —19.80 0.52 0.97
4.0 0.10 0.34 —17.18 —.584 —18.11 0.35 0.98
4.0 0.12 1.05 —15.83 —0.131 —16.93 0.25 0.98
4.0 0.15 2.41 —13.48 1.23 — 14.68 0.13 0.98
6.0 0.05 0.935 —33.14 0.544 —33.55 0.62 0.95
6.0 0.07 1.65 —30.43 1.08 -31.00 0.50 0.97
6.0 0.10 3.31 —26.62 2.34 —27.60 0.34 0.98
6.0 0.13 474 —24.11 364 —25.20 0.24 0.98

6.0 0.15 7:[7 —20.41 6.46 —21.05 0.13 0299
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Figure 5 Comparison of y, for ghost particle insertion and pressure integration methods for the trimer
systemat 7 = 2,4, 6. Open circles, closed circles and closed diamonds correspond respectively to pressure
integration, Widom insertion. and Modified Widom insertion methods. As exhibited, the modified Widom
insertion method gives significantly better agreement.
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Figure 6 Hexamer pressure as a function of density, ¢*, for T = 6, 10, 15 from simulation data using
Equation (1¢). T = 6 is below the critical point.

15 have greater slopes for the high density region and a lower density onset of the
breakpoint of the change in slope. In addition, the curve for T = 15 has a noticeable
and monotonic increase in pressure for all densities.

Figure 7 compares y, for the three methods at 7 = 15, and two methodsat T = 10
and 6. For the points obtained from the unmodified insertion, the agreement with the
pressure integration over the range is merely acceptableat T’ = 6,butat T = 10 and
15, the agreement degrades considerably. In contrast, using modified insertion the
agreement improves dramatically. Over nearly the entire range of pressure and density
there is excellent agreement with the pressure integration. We reiterate, unless a direct
comparison to the pressure integration method was made, both insertion techniques
would give all indications that they were accurate. It is only by the integration versus
insertion comparisons that a significant problem is exhibited in the original insertion
method, which is then resolved using the modified approach.

When we applied the Kirkwood method for ¢* > 0.12, we used the largest value
for ¢, that would yield good insertion statistics. This value was usually either 0.5 or
0.4, except at ¢* = 0.25 where {; = 0.2. We found that for each density the value for
A® was nearly constant over the range of integration, {; — 1.0. The Kirkwood
method was checked at two points whose chemical potential were previously deter-
mined using the modified Widom’s insertion method. The methods agree within 5%.
The deviations in g, between the Kirkwood method and the direct modified insertion
with {; = 1.0 are believed to be largely due to the uncertainty in determining u; , for
{, = 1.0. The Kirkwood method with { < 1.0 gives a more accurate determination
since the number of acceptances is larger, albeit at the expense of having to make
several additional runs using intermediate systems over the range of {;. Table 2
summarizes the simulation results for the hexamer using the modified ghost particle
insertion, pressure integration, and Kirkwood methods.
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Figure 7 Comparison of u, for the ghost particle insertion, Kirkwood method, and pressure integration
methods for the hexamer system at 7 = 15, 10, 6. Open circles, closed circles, closed diamonds and closed
squares correspond respectively to pressure integration, Widom insertion. modified Widom insertion, and
Kirkwood methods. As in the trimer. the modified Widom insertion method gives significantly better
agreement
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Table 2 Results for hexamer molecules. Integration refers to the pressure integration method and insertion
refers to the ghost particle insertion technique. Fraction of insertion acceptance is the fraction of the ghost
particle insertions which yield attractive potentials. Insertion correlation is the X’ correlation coefficient
from the least squares analysis of Equation (6).

kTje oo’ Integration Integration Insertion Insertion Kirkwood Kirkwood Fraction of Insertion

" i, W 4, u I Insertion Correlation
Acceptance

6.0 005 —216 —36.71 —226 —36.36 0.60 0.97
6.0 0.07 —3.67 —35.76 —342  —35.50 0.46 0.98
6.0 0.10 —4.13 —34.07 —-7.30 3724 0.22 0.97
6.0 0.12 —-5.27 —34.12 —8.89 —37.74 0.12 0.98
60 015 —-6.70 —34.20 —9.23 -=36.73 6.02 0.97
10.6 0.05 —0.51 —65.00 0.77 —65.27 0.56 0.99
10.0 0.07 —-0.09 —-61.21 —0.12  -61.26 0.40 0.98
10.0 0.10 1.62 —55.94 1.57 —55.99 0.20 0.98
10.0 0.12 2.96 ~52.78 203 5371 0.10 0.98
10.0 0.15 7.15 —46.36 6.56 —46.94 0.03 0.97
15.0 0.05 0.75 —105.11 444 —10142 0.53 0.97
15.0 0.07 2.21 —98.61 745  —93.36 0.39 0.98
15.0 0.10 5.60 —89.86 9.96 —85.50 0.22 0.98
15.0 0.12 10.17 —82.51 18.03  —-7470 0.09 0.97
15.0 0.15  21.31 —68.06 2556 —63.82 2391 —6548 003 0.98
15.0 020 5537 —29.69 37.31 —25.76

15.0 0.22 79.50 — 4.17 50.89 —8.83

4.2 Free Energy

The residual free energy was determined using the pressure integration and overlap
ratio methods. The overlap ratio method was used to obtain the trimer free energy,
the free energy difference with hard core reference system using o, = 0.97¢. Because
the potentials were very different, between 7 and 15 intermediate steps were necessary
to determine the free energy difference. As expected, the free energy difference of these
states increased with increasing density. Increasing the density further beyond
o* = 0.15 would require a greater number of intermediate states to determine the free
energy accurately.

.- Table 3 summarizes our results for a trimer system at 7 = 4 and g, = 0.97 for
three densities: p* = 0.07, 0.10 and 0.15. The first method obtained the virtual
overlap term by multiplying the g from Equation (15) for each of the individual
intermediate states. This gives the free energy difference between a Lennard-Jones
potential and a Lennard-Jones plus hard core potential. The overlap ratio is obtained
by comparing the energy of a Lennard-Jones plus hard core potential obtained during
a simulation run under a hard core potential, to the energy of a hard core potential
when the simulation is run under Lennard-Jones plus hard core. Such ratios are then
used with Equation (14a) to generate the free energy difference between a system with
Lennard-Jones plus hard core potential and a pure hard core potential. When these
two contributions are multiplied, the result is the free energy difference between a
system with a Lennard-Jones potential and a reference system with a pure hard core
potential. The last row in Table 3 shows the result from the pressure integration in
which the free energy difference is A" as described in equation (1b).
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Table 3 Results for the free energy calculation for the trimer at T = 4. Integration refers to the residual
free energy from pressure integration. Overlap refers to the hard core reference free energy computed by
the virtual overlap methods with a hard core reference of g, = 0.97.

T =40 oo’ = 0.07 oo’ = 0.10 oo’ = 0.15

Trimer

Virtual # Intermediate 7 10 15

Overlap: States

4, = 097 2,0 1.24 x 1077 818 x 10 ° 547 = 10 °

Overlap

Ratio:

Gy o 0975 2,°0; 0.4822 0.7689 1.292
‘o o) P :

In| == — —7.42 -9.67 —~ 164

(\Q(ﬁ oy kT . .40

Thermodynamic = A7 479 32 46

Integration kT 4.72 ).69 2246

We cannot directlv compare the overlap and pressure integration methods since
their reference states are different and the free energy of the hard core system is not
known. We attempted to determine the hard core reference free energy using the
Nezbeda [20] model. However, for our system no suitable geometry was found that
would yield reliable results since the range of the reference free energy was inconsis-
tent with our simulation data. The overlap method, although applicable to all den-
sities, can only therefore give the free energy differences and not the absolute values.
unless the free energy of the reference system is known.

For our particular case of hard core reference, we found that for low to moderate
densities the number of intermediate states seem o be of the order of 100¢*; however,
at o* > 0.16, the number of intermediate states increases quickly. We started the
method at o,, = 0.80 where g = 1.0 and increased gy, as much as possible at each
intermediate step until the corresponding g was less than 0.10.

S CONCLUSION

There appears to be no single approach to obtain the chemical potential for these
model trimer and hexamer ring systems. If the interest is in the range of chemical
potentials, perhaps the pressure integration technique is best since once the pressure
curve is determined, any chemical potential in that density range can be obtained.
However, if the chemical potential is required at a few densities, especially high
densities or low temperatures, then the modified insertion technique would be pre-
ferred.

We believe that the disagreement between the original insertion and integration
mcthods is duc mainty to the short range anisotropy of the system. This difference is
only weakly shown in g, at low densities where the contribution ofy" to y, is small and
since structuring effects are at a minimum, there is little difference between Fru) and
F*{u). At higher densities, however, u' gives a large contribution to g, and. as seen
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in Figures 5 and 7, the methods strongly disagree. This disagreement increases with
increasing molecular-model complexity.

We have modified the Widom insertion method to account for this short-range
ordering effect. This modified insertion and the pressure integration methods gave
results for the chemical potential which are in very good agreement. At high densities,
the Kirkwood technique was shown to agree well with the pressure integration and
the modified Widom insertion method. Since the dominant term in the Kirkwood
method is the insertion contribution, this is not surprising.

The pressure integration results can also be used to determine the free energies
relative to the ideal gas. The other method used to obtain the free energy, the overlap
method, cannot be compared directly because it uses a different reference, the hard
core potential. The hard core reference used was found to be too removed from the
model fluid to allow deriving absolute values for the free energy.

Further work includes using the insertion techniques to determine the chemical
potential of more realsitic ring molecules and mixtures, needed in modeling hydro-
carbon separations, and a more complete investigation of the anisotropic effects.
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APPENDIX

Most of the simulations were run on a 96 molecule system consisting of either trimer
or hexamer rings. The geometry can be described as an N-gon with the center of each
atom located a distance » from the center of mass of a planar molecule. The inter-
action between atoms was chosen to be a Lennard-Jones (6-12) site-site potential with
a cutoff at r, = 2.00.

0_12 0_6 O_I2 0.6:|
OF) = 4l = -~ ——=+—| r < r 16
o) =0 r > r (16)

Here we choose b = ¢/,/3, which yields a length between adjacent atoms of ¢. The
trimer simulations were run at temperatures k7/e = 2,4, 6 and hexamer at k7/e = 6,
10, 15. These temperatures were selected to cover the range from below to above the
critical point. In the remainder of the paper we set the energy ¢ and length o in reduced
units to 1, and define a reduced density ¢* = go°.

A standard Metropolis [21] Monte Carlo simulation was performed in which the
molecules were placed in a cubic box with length, L, and cyclic boundary conditions.
Most of the simulations where run at constant volume except for those used in the
Kirkwood method, Equation (12), which were run at constant pressure,

For the constant volume case, the total ensemble energy, E, is calculated. The center
of mass of a molecule is then moved by a random amount

F = [0X, 87,0Z] suchthat —A < r < A
The molecule is then rotated by randomly changing the three Euler angles (0, ¢, ¥)
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$0 as to sample phase space uniformly. Two of the Euler angles, ¢ and y, take values
on the interval 0 € ¢, ¥ < 2n and are changed by selecting a new angle from
uniform deviates in the range (0, 27n). 8 is defined over the range 0 < (¢ < 7, such that
cos() 1s sampled uniformly in the range (—1, 1) [22].

Once the new center of mass and Euler angles are determined, the energy, £, of
the new configuration is calculated. IfAE = E, — F < 0the move is accepted while
if AE > 0, the move is accepted with probability e “#¥" A Monte Carlo step is
defined as the completion of a sequence in which all molecules are moved once. The
maximum displacement, A, of a molecule is fixed in order to obtain an acceptance
ratio of approximately 50%.

The constant pressure simulations were run in a similar manner except that at the
end of one MC step, a change in the volume of the simulation box was attempted. The
volume change was accepted if AH < 0, whileif AH > 0 the move was accepted with
probability e ~'****D where AH is the enthalpy change, AH = AE — PAV.

During the simulations, a molecular transfer control constraint was imposed so as
to avoid phase separation. This was done by dividing the system into equal regions
and restricting the fluctuations of the number of molecules in each region to maintain
homogencous density throughout the measurement volume. This tehcnique, similar
to that of Hoover and Ree [23] and Hansen and Verlet [13], has been shown by Adachi
[24] to work for a small number of molecules. The number of regions was selected
empirically as eight. With N = 96, this gives an average box populationv = 12. The
maximum allowable deviation, én = An, where An is determined by

. N
Ans = n b | (17
B o,

The partial derivative is taken at constant temperature of the saturated liquid and was
approximated as the slope of a trial P vs. ¢* curve taken near ¢* = 0.13. using this
result, we chose dn = 4 for all temperatures except T = 2, where dn was taken to be
3. This constraint was found to be imposed never more than 5% of the total attempted
moves and never below o* = 0.09.

Equilibrium was established by starting from a very low density and squeezing the
length of the box until the desired density was reached. The resulting configuration
was then run at a high temperature and cooled to the temperature of interest. This
state was then used to collect data for the (T, p*) state point. Data for the pressure
integration were collected through the density range 0.01 to 0.23 at every 0.01. Each
point was run long enough so that equilibrium was assured by monitoring changes in
the energy and pressure,

A test was made of the effect of different starting configurations on the equilibration
and eventual outcome of the simulations. Various starting configurations were tried,
ranging from the center of mass at lattice positions to random placement. The
deviations in determination of the pressure had a maximum variance of 3%. These
deviations yielded a change of less than 3% in the determination of chemical potential
either by pressure integration of particle insertion.

Finite size effects were investigated by simulations of a system of 256 hexamer
molecules at 7' = 10.0 and ¢ = 0.05, 0.10 and 0.15 and comparing the results to the
same state point with 96 molecules. The pressure and chemical potential data ob-
tained from the two systems agreed within the 3% variance determined for the 96
molecule system.
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The integration of A" in Equation (1b) was done by fitting the integrand to a 6th
order polynominal and integrating analytically. The ghost particle insertion was
attempted at selected densities, shown in Table 1. At every 25 Monte Carlo steps, 100
insertions of the extra molecule, identical to those in the system, were attempted. This
was done by randomly choosing the center of mass. In addition, for each insertion,
100 random orientation of the molecule were attempied to determine the energy, u,
in Eq. (9). From Eq. (6), we see that only insertions which result in negative or small
positive energies are useful in determining the 4" As density increases, the probability
that a ghost particle will be inserted near or on top of another particle is increased
significantly and very long runs are necessary at higher densities to generate reliable
data. At a molecule density, o* > 0.16, the amount of CPU time to generate data for
the ghost particle insertion became excessive. This effectively sets the upper density
limit for which we could use this technique.

For higher densities one needs to apply Kirkwood’s integration technique to obtain
the chemical potentials. This method performs an insertion with { = (;, where (; is
the largest molecule that can be inserted with good statistics. {; was empirically
determined by first obtaining an equilibrated state using constant pressure simula-
tions. Once this equilibrated state was found, insertions were tried with various
charging parameters. For most systems we chose {; = 0.4. Once the equilibrated state
and {; was established, the modified Widom method was used to determine ;.. Then,
starting from the previous equilibrated state, a separate series of constant pressure
simulations was done to determine the average ensemble energies at various values of
{. A thermodynamic integration over energy was then used for the integral in Equa-
tion (12), where the integral is evaluated numerically using a simple trapezoidal rule
method. The average number of insertions accepted per simulation was ~ 1.5 x 10°,
However, more insertions were needed at the highest density.
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